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Abstract. We show that if M is a Zariski-like structure (see [3]) that does not 
interpret a non-classical group, and the canonical pregeometry obtained from the 
bounded closure operator (bcl) is non locally modular, then M interprets an alge¬ 
braically closed field. 
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1. Introduction 

F. Hrushovski and B. Zilber introduced Zariski geometries in [3]. These structures 
generalize the Zariski topology of an algebraically closed field. According to Zilber 
[16], the primary motivation behind the notion was to identify all classes where 
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Zilber’s trichotomy principle holds. The principle can be stated as follows: if X is a 
strongly minimal set, then one of the following is true: 

• The canonical pregeometry on X obtained from the algebraic closure operator 
is trivial; 

• the canonical pregeometry is locally modular; 

• an algebraically closed held can be interpreted in X. 

Zariski geometries provide a context where the trichotomy holds. Indeed, in [3], 
Hrushovski and Zilber show that in a non locally modular Zariski geometry, there is 
an algebraically closed held present. 

In [6], we presented Zariski-like quasiminimal pregeometry structures as non¬ 
elementary generalizations of Zariski geometries. Quasiminimal pregeometry struc¬ 
tures (in sense of PP) provide a non-elementary analogue for strongly minimal struc¬ 
tures from the hrst order context. There, the canonical pregeometry is obtained 
from the bounded closure operator, which corresponds to the algebraic closure op¬ 
erator in the hrst order case. We will work in the context of quasiminimal classes, 
i.e. abstract elementary classes (AECs) that arise from a quasiminimal pregeometry 
structure (see in)- These classes are uncountably categorical and have both AP and 
JEP and thus also a universal model homogeneous monster model which we will 
denote M. By [0], they also have a perfect theory of independence. 

In the present work, we prove the counterpart of the theorem from [3] stating the 
existence of the held in the non locally modular case: if M is a Zariski-like structure 
with non locally modular canonical pregeometry and M does not interpret a non- 
classical group (see 0 ). then an algebraically closed held can be interpreted in M. 
This is Theorem |5.24| in the present paper. It demonstrates that the concept of a 
Zariski-like structure captures the idea of a Zariski geometry in the non-elementary 
context. It is an open question whether non-classical groups exist. By j3], the hrst 
order theory of such a group would be unstable, but not much is known in a more 
abstract context. 

The main reason for inventing the concept of Zariski-like quasiminimal structures 
was to provide a context where we hope to classify non-elementary geometries. The 
main result in [3] is that every very ample Zariski geometry can be obtained from 
the Zariski topology of a smooth curve over an algebraically closed held. In [7], 
we proved that the cover of the multiplicative group of an algebraically closed held 
of characteristic 0 is Zariski-like. An analogue for the result from [3] might be 
something in the lines that Zariski-like structures resemble the cover. Moreover, 
Zariski-like structures might be applied to study Zilber’s pseudo-exponentiation (see 
[T3] l or some of the quantum algebras discussed by Zilber in [13]. 

To hnd the held, we use a generalization of E. Hrushovski’s group conhguration 
theorem that works in the non-elementary context and, in the 2-dimensional case. 
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yields an algebraically closed field, assuming that the model does not interpret a 
non-classical group. In [6], we presented this theorem in the 1-dimensional case and 
applied it to show that in a Zariski-like structure, a group can be found as long as 
the canonical pregeometry obtained from the bounded closure operator is non-trivial. 
When proving our main theorem, we will use the elements of this group to find the 
configuration that gives the field. 

In |6], we developed an independence notion that has all the usual properties of 
non-forking and is applicable in our setting. In Section 2 of the present work, we will 
briefly introduce our setup and recall some results concerning the theory of indepen¬ 
dence presented in |6]. In Section 3, we give the generalization of Hrushovski’s group 
configuration theorem in the non-elementary context, including the 2-dimensional 
case. In Section 4, we show that under the assumption that our model does not 
interpret non-classical groups, a 2-dimensional group configuration yields an alge¬ 
braically closed field. Finding fields in non-elementary contexts has been previously 
studied by T. Hyttinen, O. Lessman, and S. Shelah in [9], and we apply some of the 
methods presented there. Here, also results by T. Hyttinen from [5] prove useful. 
In Section 5, we apply the 2-dimensional case of the group configuration theorem to 
prove our main theorem (Theorem 5.24). 


2. The setting 

Throughout this paper, we will be working in the context of quasiminimal classes, 
studied in |T] and m- In |6], section 2 (see also [10], chapter 2), techniques developed 
for abstract elementary classes (AECs) were used to obtain an independence calculus 
that has all the usual properties of non-forking and is applicable in this setting. We 
now present the setting and the definitions and results needed in the rest of the 
paper. 

Definition 2.1. Let M be an L-structure for a countable language L, eguipped with 
a pregeometry cl. We say that M is a quasiminimal pregeometry structure if the 
following hold (tp denotes guantifier-free L-type): 

(1) (QMl) The pregeometry is determined by the language. That is, if a and a' 
are singletons and tp{a,b) = tp{a',b'), then a G cl{b) if and only if a' G cl{b'). 

(2) (QM2) M is infinite-dimensional with respect to cl. 

(3) (QMS) (Countable closure property) If A M is finite, then cl{A) is count¬ 
able. 

(4) (QMf) (Unigueness of the generic type) Suppose that H,H' (1 M are count¬ 
able closed subsets, enumerated so that tp{H) = tp{H'). If a E M \ H and 
a' E M \ H' are singletons, then tp{H,a) = tp{H',a') (with respect to the 
same enumerations for H and H'). 
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(5) (QMS) (Ro-homogeneity over closed sets and the empty set) Let H, H' M 
be countable closed subsets or empty, enumerated so that tp{H) = tp{H'), and 
let b, b' be finite tuples from M such that tp{H, b) = tp{H', b'), and let a be a 
singleton such that a G cl(H, b). Then there is some singleton a' & M such 
that tp{H, b, a) = tp{H', b', a'). 

From a sufficiently large quasiminimal pregeometry structure M, we can construct 
an AEG /C(M) (see pQ, section 2, and the end of section 2 in m such that M is 
a monster model for the class. Using techniques applicable for AECs we obtain for 
/C(M) an independence calculus that satishes all the usual properties of non-forking 
( 0 . section 2, see also [10], chapter 2). Since M is a quasiminimal pregeometry 
structure, it then turns out that the independence notion coincides with the one 
given by the pregeometry. As usual, we write A fs C for “A is independent from C 
over 5”. We write Af B ior A B. 

In the AEG setting, automorphisms of the monster model M play a crucial role. 
We will denote the group of all these automorphisms by AMf(M). If A C M, we will 
write Aut{M./A) for the group of automorphisms hxing the set A pointwise. 

Definition 2.2. We define Galois types as orbits of automorphisms of M. For 
A <zMl, we write t^{h/A) = t^[c/A) if the tuples b and c have the same Galois type 
over A, i.e. if there is some automorphism f G Aut{M./A) such that fib) = c. 

Remark 2.3. By (e.g.) Lemma 3.1 in pQ, the guantifier-free first order types imply 
Galois types over closed sets and finite sets. 

Moreover, as seen in [B] (discussion after Definition 2.80), (QMf) and (QMS) will 
hold also if the guantifier-free L-types are replaced by Galois types (see also [lO], after 
2.5.7). 

Definition 2.4. We say that a set A is bounded if |A| < |M|. 

Definition 2.5. We say an element a is in the bounded closure of A, denoted 
a G bcl(A), ifD{a/A) has only boundedly many realizations, i.e. if the set 

{a: G M | D{x/A) = D{a/A)} 

is bounded. 

We say that a and b are interbounded if a E bcl{b) and b G bcl{a). 

Remark 2.6. By Remark 2.83 in jB], if Ml is a guasiminimal pregeometry struc¬ 
ture, then for any A C M, zf holds that bcl{A) = cl (A). In particular, bcl gives a 
pregeometry on M and the independence calculus is obtained from it. 

Definition 2.7. We say that a tuple a is Galois dehnable from a set A, if it holds 
for every f G Aut{M/A) that f{a) = a. We write a G dcl(A), and say that a is in 
the dehnable closure of A. 
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We say that a and b are interdefinable if a E dcl{b) and b G dcl{a). We say that 
they are interdefinable over A if a E dcl{Ab) and b E dcl{Aa). 

Definition 2.8. We say a set B C M"' is Galois definable over A C M if for every 
f E Aut{M/A), it holds that f{B) = B. 

It turns out that in our setting, bounded Galois definable sets are countable (by 
Lemmas 2.24 and 2.26 in [6]). 

Our main notion of type will be that of the weak type rather than the Galois type: 

Definition 2.9. Let A C M. We say b and c have the same weak type over A, 
denoted t{b / A) = t{c/A), if for every finite Aq C A, it holds thatt^{b/Ao) = t^^c/Afi). 

An analogue for the strong types of the first-order context is provided by Lascar 
types. 

Definition 2.10. Let A he a finite set, and let E he an equivalence relation on M^, 
for some n < oj. We say E is A-invariant if for all f E Aut{M./A) and a,b E M, it 
holds that if (a, b) E E, then (/(a), /(&)) G E. We denote the set of all A-invariant 
equivalence relations that have only boundedly many equivalence classes by E{A). 

We say that a and b have the same Lascar type over a set B, denoted Lt{a/B) = 
Lt{b/B), if for all finite A C B and all E E E{A), it holds that {a, b) E E. 

Remark 2.11. By Lemma 2.37 in |6], Lascar types imply weak types. 

Moreover, Lascar types are stationary by Lemma 2.f6 in [6]. 

If p is a stationary type over A and A C G, we write p\c for the (unique) free 
extension of p into C. 

Definition 2.12. Let B C M. We say an element b E B is generic over some set 
A if dimib/A) is maximal (among the elements of B). The set A is not mentioned 
if it is clear from the context. For instance, if B is assumed to be Galois definable 
over some set D, then we usually assume A = D. 

Let p = t{a/A) for some a G M and A G B. We say b eM. is a generic realization 
of p (over B) if dim{b/B) is maximal among the realizations ofp. 

Definition 2.13. We say that a sequence (aj)j<Q, is indiscernible over A if every 
permutation of the sequence {aj| i < a} extends to an automorphism f G AutifiA/A). 

We say a sequence (aj)i<Q, is strongly indiscernible over A if for all cardinals k, 
there are at, a < i < k, such that (aj)i<K is indiscernible over A. 

Lemma 2.14. Let {ai)i<K be a sequence independent overb and supposet Lt{ai/b) = 
Lt{aj/b) for all i,j < k. Then, it is strongly indiscernible over b. 

Proof. Let A be a model such that b E A and (aj)i<K i;, A. Then, Lt{ai/A) = 
Lt{aj/A), and by Lemma 2.38 in [B], the sequence is Morley over A in the sense of 
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Definition 2.23 in [6], and thus strongly indiscernible over A by Lemma 2.26 in [6]. 
Hence, it is strongly indiscernible over b. □ 

Lemma 2.15. Let n he an uncountable cardinal such that c/(a) = k, and let 
he a sequence independent over b. Then, there is some X C k, cofinal in n, such that 
is strongly indiscernible over b. 

Proof. By Lemma 2.24 in ra. there is a model A and a set X k cohnal in k such 
that h ^ A and (aj)igx is Morley over A (in the sense of Dehnition 2.23 in [B]). By 
Lemma 2.a6 in [B], it is strongly indiscernible over A and hence over b. □ 

2.1. and canonical bases. In our arguments, we will need the notion of a 
canonical base. Thus, we briefly discuss constructing and hnding canonical 
bases in our setting. See [6], section 2.4 for details (also, [10], section 2.4). 

Let S he a countable collection of 0-invariant equivalence relations E such that 
E C M” xM” for some n. By this we mean that if E E S, then there is some countable 
collection Ge of Galois-types so that (a, 6) E E if and only if t^[ah/fl)) E Ge- We 
assume that the identity relation = is in T (by Lemma 2.14 in |H| there are only 
countably many Galois types over 0). We let 

M"" = {a/E\ a e M, Ee£}, 

and we identify each element a with aj =. For each E E E^vje add to our language a 
predicate Pe with the interpretation {a/E \ a E M} and a function Ee : M” —)■ 

(for a suitable n) such that EE{a) = a/E. Then, we have all the structure of M on 
F=. 

In [6|, section 2.4, it is shown that if all the conditions required to obtain the 
independence calculus are satished on M, then they are also satished on In 

particular, they hold in the case that M is a quasiminimal pregeometry structure, 
and thus we also get the independence calculus on M®"?. However, in our context, we 
cannot construct so that it is both cj-stable (in the sense of AEGs) and admits 
elimination of imaginaries. Thus, when needed, we just pass into (M'^'^)®'^, ((M®'^)®'^)®'^, 
etc. To simplify notation, we will denote all of these just by M®'^. 

Let M' be a |M'| -model homogeneous and universal structure such that M is a 
closed submodel of M' and |M'| > |M|. We call M' the supermonster. Then, every 
/ E Aut(M) extends to some f E Aut(M'). We will usually abuse notation and 
write just / for both maps. 

Definition 2.16. By a global type p, we mean a maximal collection {pa\A C 
M finite } such that p^ is a Galois type over A, and whenever A <E B and 6 G M 
realizes pb, then b realizes also pa- We denote the collection of global types by S'(M). 
Moreover, we require that global types are consistent, i.e. that for each p E S'(M), 
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there is some 6 G M' such that b realizes pa for every finite set A C M (note that 
the same element 6 G M' is required to realize pa for every A). 

Let / G Aut(M®'?), p G S{M). We say that f{p) = p if for all finite A, B (ZM such 
that f{B) = A and all b realizing ps, it holds that t{b/A) = pa- 

Definition 2.17. Let p G S'(M). We say that a G is a canonical base for p if 
it holds for every f G Aut{M^‘^) that f{p) = p if and only if f{a) = a. 

In [6] (Lemma 2.72 and discussion before), it is shown that the collection S of 
equivalence relations can be chosen so that every type has a canonical base in 

Definition 2.18. Let a G M and let A C M. Let b G M' be such that Lt{a/A) = 
Lt{b/A) and b Ia M- Lot p = t{b/M). By a canonical base for a over A, we mean a 
canonical base of p. We write a = Cb{a/A) to denote that a is a canonical base of 
a over A. 

It can then be shown that in our setting, the canonical bases have the following 
usual properties. 

• Let a G M and let A C M be a hnite set. Then, Cb{a/A) G bcl(A). (Lemma 
2.74 in [H]) 

• Let a G M and let a = Cb{a/A). Then, a A. (Lemma 2.76 in [B]) 

• Let a = Cb{a/A). Then, t{a/a) is stationary. (Lemma 2.78 in [B]) 

• Let a G M, and let A and B be sets such that A Z B, and let a G If 
a Ia -B, then a = Cb{a/A) if and only if a = Cb{a/B). (Remark 2.75 in j6]) 

3. The group configuration 


To hnd a held in a Zariski-like structure, we will apply a theorem saying that a 
group can be interpreted in a model whenever there is a certain conhguration of 
elements present. The hrst-order version was part of E. Hrushovski’s Ph.D. thesis 
and can be found in e.g. |T2], section 5.4. If the group elements are of dimension 
2, then also a held can be found. In |6], section 3, Hrushovski’s group conhguration 
theorem is adapted for quasiminimal classes (see also ra, Chapter 3). However, 
only the case resulting to a one-dimensional group (the case n = 1 in Dehnition 3.1) 
is treated. It generalizes quite easily to the two-dimensional case (n = 2 in Dehnition 
3.1). In this section, we will present the proof and refer the reader to [6] (or [10]) for 


omitted details. 

We now present the conhguration that will yield a group. 


Definition 3.1. By a strict bounded partial quadrangle over a finite set A we mean 
a 6-tuple of elements (a, b, c, x, y, z) in M®*? such that for some n G {1, 2}, 

(i) dim{a/A) = dim{b/A) = dim{c/A) = n, and dim{x/A) = dim{y/A) = 
dim{z/A) = 1; 
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(ii) any triple of non-collinear points is independent over A (see the picture); 

(Hi) dim{a,h,c/A) = 2n; 

(iv) dim{a, x, y/A) = dim{b, z,y/A) = dim{c, z, x/A) = n + 1; 

(v) b is interbounded with Cb{yz/Ab) over b. 

Remark 3.2. If each of a,b,c,x,y,z is replaced by an element interbounded with it 
over A, then it is easy to see that the new 6-tuple {a',b',c',x',y', z') is also a strict 
hounded partial quadrangle over A. 

We say that this new partial quadrangle is boundedly equivalent to the first one. 
Also, if n = 1, then (v) follows from the other conditions in the definition. 

Definition 3.3. We say that a group G is Galois definable over A if G and the 
group operation on G are both Galois definable over A as sets. 


We can now state the main theorem of this section. We will prove it as a series of 
lemmas (thus, Lemmas 3.5 3.8 are part of the proof of the theorem). 


Theorem 3.4. Suppose A is a finite set, {a,b,c,x,y, z) is a strict bounded partial 
quadrangle over A and t{a,h,c,x,y, z/A) is stationary. Then, there is a group G in 
Galois definable over some finite set A' C M. Moreover, G has unique generics, 
and a generic element of G has dimension n. 

There is a stationary type q such that G acts generically on the realizations of q. 
If a,T E G and there is some u realizing g|o-,r such that a{u) = t{u), then a = r. 


Proof. As in [6] (proof of Theorem 3.9), we may without loss assume A = tj). We 
begin our proof by replacing the tuple (a, h, c, x, y, z) with one boundedly equivalent 
with it so that z and y become interdefinable over h. 

For each n we first define an equivalence relation on M” so that uE"‘v if 
and only if bcl(u) = bcl(u). Similarly, define an equivalence relation E* on 
so that uE*v if and only if bcl(M) = bcl(u) (in M'^'^). By Lemma 3.10 in [B], the 
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element u/E'^ is interdefinable with {u/E"’)/E*. Moreover, dim{u) = dim{u/E"‘) = 
dim{{u/E^)/E*). Replace now x with x/E'^, y with y/E^ and with zjE'^. The 
new elements are interbounded with the old ones, so we still have a strict bounded 
partial quadrangle. From now on, denote this new 6-tuple by (a, b, c, x, y, z). 

Let a' G M be such that Lt{a'/b, z, y) = Lt{a/b, z, y) and a' abcxyz. Then, there 
are tuples c', x' such that Lt(a', c', x'/b, z, y) = Lt{a, c, x/b, z, y), and (o', b, c', x', y, z) 
is a strict bounded partial quadrangle over 0. Similarly, we hnd an element c" G M 
such that c" I abcxyza'c'x' and elements a",x" so that {a",b,c",x",y, z) is a strict 
bounded partial quadrangle over 0. The below picture may help the reader. 



We will add the elements a' and c" as parameters in our language, but this will 
affect the closure operator and the independence notion. In our arguments, we will 
be doing calculations both in the set-up we have before adding these parameters 
and the one obtained after adding them. We will use the notation cl and for the 
setup before adding the parameters, and cT and I* for the setup after adding the 
parameters, i.e. for any sets B,C,D, c\*{B) = c\{B,a',c") and B D if and only 
if B \rCa'c" D. Similary, we write u G dcr(R) if and only if u G dcl(Ra'c") and use 
the notation Ch*{u/B) for Ch{u/Ba'c"). 

Lemma 3.5. The tuples yx' and zx” are interdefinable over a''be' in after adding 
the parameters a' and c" to the language. 
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Proof. As in [6], Claim 3.12, we see that if for some z', it holds that t{z'/byc'x') = 
t{z/byc'x'), then both z and z' are interbounded (with respect to bcl) with Cb{b, y/c', x' 
and thus with each other. It follows that u = z/E* if and only if there is some 
w such that t{w/byc'x') = t{z/byc'x') and w/E* = u. From this, it follows that 
z/E* G (\.c\{byc!x'). In the beginning of the proof, we replaced z by z/E*^., and by 
Lemma 3.10 in [6], it is interdehnable with z/E*. Thus, G dc\{byc'x'). 

For zx" G dc\*{a''bc'yx'), it suffices to show that x" G dc\*{a''bc'yx'z). But as 
above, if there is some x* such that t[x*/a''yzc'') = t{x''/a"yzc"), then x* and x' 
are interbounded, and thus x"/E* G dc\{a''c"yz) C del* (a"bc'x'yz) (note that dcF is 
dehned with c" as a parameter), and hence by Lemma 3.10 in |6], x" G del*(a"bPx'yz). 
Similarly, one proves that yx' G del* (a"be'zx"). □ 

Let qi = f(i/x'/a'c"), q 2 = t{zx"/a'c"). We will consider Cb{yx', zx"/a"bc') as a 
function from qi to g 2 - To see precisely how this is done, we need to introduce some 
concepts. 

Suppose p and q are stationary types over some set B. By a germ of an invertible 
definable function from p to q, we mean a Lascar type r{u, v) over some hnite set C, 
such that 

• Lt{u,v) = r implies t{u/B) =p and t{y/B) = q; 

• Suppose Lt{u,v) = r and H C M is such that C D. If {u',v') realizes r\D, 
then u' Ib D, v' D, v' G dcl(M', D) and u' G dcl(n', D). 

We will denote germs of functions by the Greek letters cr, r, etc. We note that the 
germs can be represented by elements in M®'^. Just represent the germ determined 
as above by some Lascar type r, by some canonical base of r. If a is this germ and u 
realizes p\„, then a{u) is the unique element v such that {u,v) realizes r\„. Note that 
if a realizes p\b and a & B, then a{a) realizes g|o-, and as a{a) B, the element 
a{a) realizes 

We note that the germs can be composed. Suppose q' is another stationary type 
over i?, (j is a germ from p to q and r is a germ from q to q'. Then, by r.a we denote 
a germ from p to q' determined as follows. Let u realize p\a,T- Then, we may think of 
r.cr as some canonical base of Lt{{u,T{a{u)))/a,T). We note that t{u, T{a{a)))/a, t) 
is stationary since t{u/Bar) is stationary as a free extension of a stationary type and 
since T{a{u)) is dehnable from m, a and r. Thus, r.a G dcl(cr, r), and the notation 
is meaningful. 

We will do a small trick that makes the types qi and q 2 stationary, which will 
allow us to apply the above methods and consider Cb{yx'^ zx"/a"bc') as a germ of 
an invertible dehnable function from qi to q 2 . First we show that we may without 
loss suppose b = Cb{yx', zx"/a"bc'). Then, after making the types stationary, we 
will prove that for independent bi, 62 realizing tp( 6 /a'c"), the composition bf^.b 2 is a 
germ of an invertible dehnable function from qi to qi. 
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Note that since a" G hc\(hc") C bcr(6) and c' G bcl(a'6) C bcr(6), we have 
Chiiix', zx”/a"hc') = Gh*{iix'^zx”/b). Thus, from Lemma 3.5, it follows that the 


tuples yx' and zx” are interdehnable over Ch*{yx'^ zx" jb) after adding the parameters 
a"c to the language. We will eventually view Ch*{yx', zx"/h) as a germ of a function 
taking yx' h->■ zx". 

We claim that after adding the parameters, b is interbounded with Ch*{yx', zx"/h). 
Denote a = Ch*{yx',zx"/h) and a' = Ch{yz/h). By the choice of a' and c", we have 
yz 4,6 a'c", so we may assume a' = Cb*{yz/b). Then, a' G bcl(a). By (v) in 
Dehnition 3.1| b G bcl(Q!'), and the claim follows. Thus, we may without loss assume 
that b = Ch*{yx', zx"/b). 

We now do the trick to make qi and q 2 stationary. To simplify notation, denote 
for a while d = (a, 6 , c, x, i/, c', x', a", x"). Choose now a tuple d' G such that 
Lt{d'/a'c") = Lt{d/a'c") and d' la'c" d. Then, there is some d" G M such that 
d' = F{d”) for some dehnable function F (composition of functions of the form Fe, 
where E is some equivalence relation) and d" \.a'c" d. Now, for any subsequence e C d, 
the type t{e/a'c"d") is stationary. Indeed, there is some subsequence e' C d" such 
that Lt{F{e')/a'c") = Lt{e/a'c") for some dehnable function F. Thus, t{e/a'c"e') 
(and hence t{e/a'c"d")) determines Lt{e/a'c"). 

We add the tuple d" as parameters to our language. Since it is independent over 
a'd' from everything that we will need in the independence calculations that will 
follow, the calculations won’t depend on whether we have added d" or not. Thus, we 
may from now without loss assume d" = 0 to simplify notation. 

Let r = t{b/a', c"), and note that it is stationary since we added d" to the language. 
If bi, 62 realize r, then by b/^.b 2 we mean the germ of the invertible dehnable function 
from qi to qi obtained by hrst applying 62 , then b/^. In other words, let yix'^ 
realize qi\bib 2 y and let Zix'/ = b 2 .{yix'i), a realization of q 2 \bib 2 - Let 1 / 2 X 2 = bb^.{zix'l) 
(i.e. zix'l = 61 .( 1 / 2 ^ 2 )). We may code the germ b/^.b 2 by some canonical base of 
^(l/ix'i, I/ 2 T 2 /& 1 , c"), he. we will have b/^.b 2 = Cb*(//ix4, 1 / 23 ^ 2/^15 ^ 2 )- At this 


point, we hx the type of this canonical base. As noted before, we have ^ 

dcr(6i,62). 


Lemma 3 . 6 . Let bi, 62 realize r (= t{b/a'c")), and let bi b2. 
for i = 1 , 2 . In particular, dim{bf^.b2/a'c") = n. 


Then, 6^^ ^62 b 


Proof. Without loss of generality, b2 = b and bi a, b, c, x, y, z, d, x', a", x". 

From the choice of the new elements, it can be calculated that b cxzx" (see [6] (or 
[To]), proof of Lemma 3.13 for details). By stationarity of r, we have t{b/a'c"cxzx") = 
tipi/a'c"cxzx"). Hence, there are elements Oi, 1 / 1 , c4, x^, a" so that 


t(ai, &i, c, X, yi, z, c), x), a'[, x"/a'd') = t{a, b, c, x, y, z, d, x', a", x"/a'c"). 
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To visualize this, think of the picture just before Lemma 3.5 In the picture, keep 


the lines (c, x, z) and (c", z, x”) fixed pointwise and move b to bi by an automorphism 
hxing a'c" . As a result, we get another similar picture drawn on top of the first one, 
with new elements ai,i/i,cj^ and a'[ in the same configuration with respect to the 
fixed points as a, y, c and a" in the original picture. 

We now present hve auxiliary claims needed in the argument. The proofs can be 
found in [ 6 ] or [10] (Claims 3.14-3.18). 


(i) aaibbi j,* yx'. 

(ii) yix'^ e hc\*{a,ai,y). 

(hi) yix[ = {b];^.b){yx'). 

(iv) aai j,* b. 

(v) aai j,* bi. 

Denote a = b^^.b. By (i) yx' aaibbi. Thus, by (ii), we get yx'yix'^ aaibbi. 

On the other hand, by (i), yx' aaibbi. By Claim (hi), yix'i G hc\*{yx', b,bi), so 

yx'yix'.^ aaibbi- Since a = Ch*{yx',yix'i/b,bi), we also have 


a = Ch*{yx', i/ix'^/a, Oi, b, bi). 


So, a G bcT(a, ai) since yx'yix'i aaibbi. By (iv) and (v), a b and a j,* bi. 

Since a G bcr( 66 i), we have 2n = dim{biba / a'c") , and it follows that dim{a/a'c") = 
n. □ 


Denote now a = b^^.b 2 (from Lemma 
t{a~^/a'c") = s also). 

Lemma 3.7. Let ai,a 2 be realizations of s such that ai <72. Then, ai.a 2 realizes 
sU, for z = 1,2. 

Proof. As 1. in the proof of Lemma 4.8 in [12] (see ra. Lemma 3.19, for details). □ 


3.6) and let s = t{a/a'c") (note that 


Let G be the group of germs of functions from qi to qi generated by {a | a realizes s} 
(note that this set is closed under inverses and thus indeed a group). 

Lemma 3.8. For any r E G, there are ai,a 2 realizing s such that r = ai.a 2 and 

T I* CTi. 


Proof. It is enough to show that if r* realize s for z = 1,2,3, then there are ai,cr 2 


a 


\tiT2T3- 


Now, 


realizing s so that ti.T 2 .ts = o'i. o '2 and T 1 .T 2 .T 3 j,* ai. Let a realize 
~^-T 2 i*, T 1 T 2 T 3 . By Lemma 3.7, cT“^.r 2 realizes s|t- 2 , and thus a~^.T 2 j,* T 1 T 2 T 3 . By 


Lemma 3.7, (a ^. 72 ).Ts and Ti.ct realize s. Choosing cxi = Ti.ct and ct 2 = cr ^. 72 . 73 , 


we get ( 71.(72 = 71 . 72 . 73 . Using the choice of a and Lemma 3.7, it is easy to see that 


71.72.73 I * (7i. 


□ 
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Consider the set 

G' = {cri.(T 2 I (Ti, (72 are realizations of s}. 

It is clearly Galois definable over a'c!'. Let E be the equivalence relation such that 
for 7i, 72 G G', we have ( 71 , 72 ) G E if and only if for all (some) u realizing 
holds that 71 (m) = 72 (w)- Then, G = G'/E, and G is Galois dehnable over a'c”. 


it 


To complete the proof of Theorem 3.4, it remains to show that a generic element 
of G has dimension n over a'c" and that G has unique generics. Suppose t E G. By 


Lemma 3.8[ there are ai, (T 2 realizing s such that r = (J 1 .CT 2 and r cxi. Now, 

dim{ai.a2/a'c") = dim{ai.a2/o'ia'c") < dim{a2/cia'c") < n, 

where the hrst inequality follows from the fact that a2 G bcr(cri, cti.(T2), and the 
second one from Lemma |3.6 and the choice of the type s. It is easy to see that 
equality holds if and only if ui ),* a2- Thus, generic elements have dimension n 
and by Lemma |3.7[ they all have the same type. This concludes the proof of the 
theorem. □ 


From now on, we will call the conhguration given in Dehnition 3T the group 
configuration. 


4. Properties of the group 


In this section, we take a closer look at the group obtained from Theorem 3.4 We 
hrst discuss non-classical groups, which are dehned by the following two dehnitions 
from in]: 


Definition 4.1. An infinite group G carries an cj-homogeneous pregeometry if there 
is a closure operator cl on the subsets of G such that (G, cl) is a pregeometry and 
dimcfiG) = |G|, and whenever A G G is finite and a,b E G \ cl{A), then there is an 
automorphism of G preserving cl, fixing A pointwise and sending a to b. 


Definition 4.2. We say that a group is non-classical if it is non-Abelian and carries 
an uj-homogeneous pregeometry. 


It is an open question whether non-cIassical groups exist. Throughout this paper, 
we will assume that the monster model M we are working in does not interpret non- 
classical groups. In this section, we will show that under this assumption, if n = 1 


in Dehnition 3T, then the group G obtained from Theorem 3A is Abelian, and if 
n = 2, then an algebraically closed held can be interpreted in M. The arguments were 
originally presented in the hrst-order case by E. Hrushovski, and the non-elementary 
case is treated in pj and [3]. 

For f,gEG, we use f.g to denote group multiplication. However, since writing 
/ and g as a. tuple using fg can be confusing, we write f,glx when we mean that 
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fg as a tuple is independent from x. If we mean that fix and g i x (but not 
necessarily fgix), we will mention it separately. By Theorem 3.4, the group G is 
Galois dehnable over some hnite set N. To simplify notation, we will from now on 
(without loss) assume A' = 0. 

Theorem 4.3. Let M. be a quasiminimal pregeometry structure that does not in¬ 
terpret a non-classical group, and suppose that G is a Galois definable group inter¬ 
pretable in M. Suppose G has unique generic type and the generic elements of G are 
of dimension 1. Then, G is Abelian. 

Proof. Equipped with the pregeometry induced by the bounded closure operator 
(bcl), G s a group carrying cj-homogeneous pregeometry and hence Abelian by our 
assumptions. □ 

Remark 4.4. It follows from Theorem ?? that ifM does not interpret a non-classical 


group and n = 1 in the group configuration (3.1), then the group obtained from the 


configuration by Theorem 3.4 is Abelian. 


Next, we show that if n = 2, then G interprets an algebraically closed held. To 
apply the method from |9], we need a total, 2-determined and 2-transitive action. 
Since we only have a generic action, we have to make some modihcations to get this. 
But hrst, we take a look at some properties of the generic action. In particular, to 
eventually obtain an action that is as wanted, we will show that the generic action 


is generically 2-transitive (Lemma 4.7) and preserves the pregeometry (Lemma 4.9). 


By Theorem 3.4, G acts generically on the realizations of some stationary type. 
Denote from now on by D the set of realizations of this type. 

Lemma 4.5. Let g E G, dim{g) > 1, and let a E D be generic over g. Then, 
a I g{a). 

Proof. Suppose g{a) E bcl(a). We claim that g E bcl(a), which will yield a con¬ 
tradiction. Suppose not. Let {gi)icu}i be distinct realizations of t{g/a). Then, for 
each i, gi i a and gfia) E bcl(a). By the pigeonhole principle, there must be some 
i < j < Ui such that gfia) = gj{a). By Theorem 3.4, g^ = gj, a contradiction. □ 

Lemma 4.6. Let g E G be generic, a,b E D such that dim{a,b/g) = 2. Then, 
dim{a, b, g{a),g{b)) = 4. 

Proof. Suppose towards a contradiction that dim{a,b, g{a), g{b)) < 3. We have b i 
a, g, g{a) and by Lemma [T5| a i g{a), so we must have g{b) E bcl(a, b, g{a)). We will 
prove that g E bcl(a, 5 f(a)), which is a contradiction, since dim{g) = 2 and g i a. 

Suppose not. Then, there are distinct ((y'j)i<a;i such that t{gi/a, g{a)) = t{g/a, g{a)) 
and gi ia,g{a) K9j)j<i- Now, gfib) E hc\{a,b, g{a)). By the pigeonhole principle, there 
are j < k < uji such that gkifi) = gj{h). An easy calculation shows that b i gj,gk, 
and thus gj = gk by Theorem 3.4| a contradiction. □ 
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Lemma 4.7. Let a,b,c,d E D be such that dim{a,b,c,d) = 4. Then, there is some 
g E G such that g{a, b) = (c, d). 


Proof. Let g' E G he generic. By Lemma 4.6, there are a',b' E D such that 
dim{a\b', g'{a'), g'{b')) =4. Now, there is some cr G Aut(M) such that (T(a', 6 ', 5 f'(a'), 5 f'( 6 ')) = 
(a, b, c, d), and we may choose g = o'{g'). □ 


Lemma 4.8. Suppose g E G, a,b E D, and the set {g, a, b} is independent. Then, 
g E bcl{a,b,g{a),glb)). 


Proof. If dim{g) = 0, this is clear. If dim{g) = 1, then it follows from the assumptions 
and Lemma 4.5 that g E hcl{a, g{a)). If dim{g) = 2, the result follows from the 
assumptions and Lemma 4.6 □ 


Lemma 4.9. Let AOD,gEG,gfa for each a E A, and b E D. Then, b E bcl{A) 
if and only if g{b) E bcl{{g{a) \ a E A}). 


Proof. It suffices to show this in case A is finite. Suppose A = {ai ,... ,an, On+i, • • •, Om} 
and dim{A) = dim{ai,... ,an) = n. We will show that dim{g{ai),... ,g{an)) = n. 

Since g~^ f a for each a E A, the same argument can then be applied to show that 
dim{g{A)) = n implies dim{A) = n 

If g I ai,... ,an, On+i, • • •, o,m, then dim{g{ai ),..., g{am)) = n since a* and g{ai) 
are interdefinable over g. Suppose now dim{ai,... ,am) = n, and g f for each 
i. Choose g' E G generic so that g' f g,ai,..., Om- Then, g'.g f oi,..., Om, and 
thus dim{g'.g{ai),..., g'.g{am)) = n. Suppose for the sake of contradiction that 
dim{g{ai),..., g{am)) = k ^ n. But now, dim{g'.g{ai ),..., g'.g{am)) = dimg{ai ),..., g{am)) 
k ^ n, a. contradiction. □ 


4.1. Getting a total action. Using the idea from [T2], Chapter 5, Remark 1.10, 
we show that {D, bcl) can be extended to a minimal set in in such a way that G 
acts on it totally and the action extends the action of G on D. The details are from 
[5]. Later, we will make some more changes (as done in [5] to get a group that acts 
2 -transitively on a minimal set. 

Let V be the set of all pairs {g, a), where g E G and a E D. Dehne an equivalence 
relation ~ on "D so that {g, a) ~ (/, b) if for some (and thus all) h E G generic over 
{g,f,a,b}, it holds that {h.g){a) = {h.f){b). We let P' be the set of all equivalence 
classes {g,a)/ ~, where {g,a) E V. We define the action of G on P' by f{{g,a)/ ~ 
) = {f-9,a)/ This action is well-defined (the proof is same as that of Lemma 3.1 
in [5]), and the following holds. 

Lemma 4.10. If a ^ bcl{f), then {g,a) ~ {g.f~^, f{a)). In particular, if a ^ bcl{g), 
then {g,a) ~ (l,fi'(a)). 

Proof. Like Lemma 3.2 in [5]. □ 
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From now on, we write {g,a) for {g,a)/ We will identify a G D with (l,a). 
By Lemma 4.10, we have g{l,a) = {l,g{a)) whenever g I a, so the action we have 
defined extends the generic action of G on 

It can be shown that generic elements of P' correspond to the elements of D, and 
then that any g & G is determined by its action on x G P’ generic over g. This is 
done as in |5], proof of Lemma 3.3. 


4.2. Getting a 2-transitive action and finding the field. Next, we will further 
modify P' and G as done in [5] to get a group that acts 2-transitively. After this, a 
field can be found using the method from [U] . 

Dehne a relation on P' by setting x ~ i/ if it holds for all / G G that 
dim{f{x), f{y)) < 1. The following then holds. 


Lemma 4.11. (i) x ^ y if and only if for some (all) f E G generic over {x,y}, 

dim{f{x),f{y)) < 1. 

(a) ^ is an equivalence relation. 

(Hi) If dim{x, y) = 2, then x ^ y. 

(iv) If X ^ y, then /(x) ~ f{y) for all f E G. 


Proof. Like Lemma 3.4 in [S]. For (i), we need that the action of G on P generically 
preserves the pregeometry given by bcl, but this is guaranteed by Lemma 4.9 □ 


Denote P = P'/ By (iv) of Lemma 4.11, G acts on P. For f,g E G, write 

/ if for some (all) a E P generic over {f,g}, it holds that /(a) = g{a). Then, 
~ is an equivalence relation on G, and we denote G' = G/ ~. We will show that G' 
acts on P and that the action is 2-transitive and 2-determined. 


Lemma 4.12. Suppose f,g E G. If f ^ g, then f E bcl{g). 


Proof. Like Lemma 3.5 in [5]. 


□ 


Using lemmas 4.11 and 4.12, we see that G' acts on P, using the same argument 
that is used in [5] to prove Lemma 3.6. Generic 2-transitivity (Lemma 4.7) can now 
be used to prove the following lemma. The proof is same as that of Lemma 3.7 in 
[5] (Lemma 4.8 is used). 


Lemma 4.13. The action of G' on P is 2-transitive, i.e. for any x\,X2,yi,y2 E P 
such that xi ^ X 2 and yi ^ y 2 , there is some f E G' such that /(xi,X 2 ) = ( 2 / 1 , 1 / 2 ) 


Lemma 4.14. G' has unique generics, and for generic x E P, there is a Galois- 
definable group H <E {g E G' \ g{x) = x} with unique generics of dimension 1. 

Proof. From Lemma |4.12[ it follows that any elements of G that are in the same 
equivalence class with respect to ~, are interbounded. Hence for generic g E G, the 
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class ~ only contains generic elements. Since G has unique generics, this kind of 
equivalence classes all have the same type, so G' = G/ ~ also has unique generics. 

Denote = {g & G' \ g{x) = x}. We first prove that generic elements of have 
dimension 1. If we take y, z ^ P generic over x, then by Lemma 4.13, there is some 
g G Hx such that g{y) = z. Then, dim{g/x) > 1, since otherwise z G hc\{g,x,y) C 
bcl(a;,i/), a contradiction. Suppose now for the sake of contradiction that there is 
some g & Hx such that dim{g/x) = 2. Let y E P he generic over {x,g}. Since 
X is generic in P, we may apply Lemma 4 ^ and the dehnition of G' to see that 
g G hc\{x,y,g{x),g{y)) = hc\{x,y, g{y)). Since g I y, we have dim{g/x) < 1, a 


contradiction. 

Next, we hnd a subgroup H of that has 1-dimensional unique generics (this is 
called the connected component of Hx). The following argument has been presented 
in e.g. [3] (proof of Lemma 2.3). Let S be the set consisting of the Lascar types of 
elements of Hx generic over x. Dehne an action of Hx on S as follows. For g G Hx 
and p E S, take some f E Hx generic over {g,x} such that p = Lt{f/x), and let 
g{p) = Lt{g.f /x). Let H be the kernel of this action. 

We claim H is as wanted. It is Galois-definable (over x). Moreover, choosing 
g,h E Hx so that Lt{g/x) = Lt{h/x) and dim{g,h/x) = 2, we see that g~^.h E H 
and dim{g~^.h/x) = 1. Next, we show H has unique generic type. Suppose not. 
Then, there are some g,h E H such that dim{g,h/x) = 2 and Lt{g/x) ^ Lt{h/x). 
Now, h.g~^{Lt{g/x)) = Lt{h/x), so h.g~^ ^ FT, a contradiction. □ 


We now have the results needed to prove that G' is 2-determined. 


Lemma 4.15. G' is 2-determined, i.e. if g,h G G', x,y E P, x ^ y, and g{x,y) = 
h{x, y), then g = h. 


Proof. Like Lemma 3.10 and Corollary 3.11 (including proof of Lemma 3.8) in |5]. At 
the point where a group H' is taken to be as in the dehnition of hereditarily unique 
generics, we use Lemma 4.14 to obtain H'. □ 


Now that we know G is 2-transitive (Lemma 4.13) and 2-determined (Lemma 


4.15), we can use the argument from [9] to hnd an algebraically closed held (this is 
4.1-4.4 in [S]). 


Theorem 4.16. Let Wl be a quasiminimal pregeometry structure that does not inter¬ 
pret a non-classical group. Suppose there is a group configuration in M with n = 2. 
Then, there is an algebraically closed field in M®*?. 


From now on, a group conhguration with n = 2 will be called a field configuration. 

4.3. Obtaining a field from an indiscernible array. Our goal is to hnd a held 
in a non-locally modular Zariski-like structure that does not interpret non-classical 
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groups. We will use Theorem |4.16[ but for our purposes it is practical to reformulate 
it in terms of indiscernible arrays, as is done in the hrst-order context in [3]. 


Definition 4.17. We say that f = {fij : i G I^j G J), where I and J are ordered 
sets, is an indiscernible array over A if whenever ii,... ,in G I, ji,...,jm £ J, 
ii < ... < in, ii < ... < jm, then t{{fi^j^ ■ ^ < n,! < yi,< m)/A) depends only 

on the numbers n and m. 

If at least the dimension of the above sequence depends only on m, n, and dim{{fi^j^ : 
1 < v < n,l < fi,< m)/A) = a{m,n), where a is some polynomial of m and n, 
we say that f is rank-indiscernible over A, of type a, and write dim{f-,n,m/A) = 
a{n, m). 


If [cij : i E I, j E J) is an array and I' I, J' <Z J , we write C//j/ for {cij : i G 
r,j E J'). If |/'| = m and \J'\ = n, we call c//j' an m x n -rectangle from Cjj. 

The following is Lemma 4.15 from p] (or [10]). 

Lemma 4.18. Let f = (fij : i,j E k) be an indiscernible array over A, and let 
K>uji. Then, for all m,n, all the m x n rectangles of f have the same Lascar type 
over A. 


Lemma 4.19. Let {fij : i E 0 Ji,j E (Ui) be an indiscernible array, and let Iq C I and 
■Lq <Z J be finite. If n is a permutation of Iq and vr' is a permutation of Jq, then 

t{{fij : i E Io,j E Jo)/0) = t{{fij : i E 7i{Io),j e 7r'(Jo))/0). 

Proof. We show hrst that t{{fij : i E Jq, j G Jo)/0) = tiifij ■ i ^ 7r(/o), j G Jo)/0)- 
Consider the sequence {fij : j E Jo)ieuji- By Lemmas 2.24 and 2.26 in [6], there is 
some cohnal X G Ui such that every permutation of the sequence {fij : j G Jo)i£x 
extends to an automorphism of M. Since / is indiscernible, every order-preserving 
function from Iq to X extends to an automorphism. Thus, we can hrst send Iq into 
X using some automorphism g, then apply the automorphism corresponding to tt 
and hnally take the permuted sequence back using g~^. 

We can now repeat the argument with j in place of i to prove the Lemma. □ 


The following lemma formulates Theorem 4.16 in terms of indiscernible arrays. 


Lemma 4.20. LePM be a quasiminimal pregeometry structure that does not interpret 
a non-classical group, and let f = {fij : i,j < cji) be an indiscernible array of 
elements o/M. 

If f is of type a{m, n) = 2m -\-n — 2 for m,n > 2, and dim{f] l,k) = k for any k, 
over some finite parameter set B, then there is an algebraically closed field in 


Proof. We will hnd a held conhguration in M. By Theorem 4.16, there is then an 


algebraically closed held by Theorem 4.16 
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In our argument, we will make use of the following claim that is proved in [6] 
(Claim 4.17; see also [10], Claim 4.17). 

Claim 4.21. Let A be a countable model such that B <Z A and f Ib A. Suppose 
dim{c/did 2 A) = dim{c/diA) = dim{c/d 2 A). Then there exists e G bcl{Adi) fl 
bcl{Ad 2 ) such that dim{c/eA) = dim{c/did 2 A). 


Suppose .4, is a model as in the claim. From now on, we simplify notation by 
assuming that i? = 0 and the elements of A are symbols in our language. 

Let a = (/i3, /14), c = (/23, /24), y = fi5, and ^ = f25- We will hnd x and b so that 
{a, b, c, X, y, zj is a held conhguration. 

Let d = (/ 33 , / 34 , /ss). By the type of the array /, we have dim{d/ay) = dim{d/cz) = 


2, so by Claim 4.21, there is some a; G bcl(ai/)nbcl(c 2 ;) snch. thoX dim{d/x) = 2. Since 


dim{d) = 3, we must have dim{x) > 1. On the other hand, we have dim{acyz) = 5 
and dim{ay) = dim{cz) = 3, so 

5 — dim{x) = dim{acyz/x) < dim{ay/x) + dim{cz/x) 

= dim{ay) + dim{cz) — 2dim{x) = 6 — 2dim{x), 

which implies that dim{x) < 1. 


Let a' = (/ii,/i 2 ) and c' = (/ 2 i,/ 22 )- By Claim 4.21, there is some b G bcl(ac) fl 
bcl(a'c') such that dim{zy/b) = 1. If we would have dim{h) < 1, then by the 
indiscernibility of the array (remember that y = fw, z = f 25 , and b G bcl(ac)), we 
would have dim{fij, f 2 j/b) = 1 for all j > 5. But this implies dim{fi^, /ig, / 25 , f 2 e) < 
3, a contradiction by the type of the array. 

We see that dim{b) < 2 by a similar calculation that was used for x above. The cal¬ 
culation also shows that Cb{zy/b) has dimension at least 2 and is thus interbounded 


with b (as required for the group conhguration in Dehnition 3.1) 


It can now be shown, using the type of the array /, pregeometry axioms and 


Lemma 4.19, that {a, 6, c, x, y, z} is a group conhguration with n = 2 . 


□ 


5. Fields in Zariski-like structures 


At the end of this section, we will prove our main result: that an algebraically 
closed held can be found in a non locally modular Zariski-like structure that doesn’t 
interpret a non-classical group (Theorem 5.24). Here we adapt the ideas behind the 
proof of Lemma 6.11 in [3] to our setup. 

Before we can list the axioms for a Zariski-like structure, we need some auxiliary 
dehnitions. First, we generalize the notion of specialization from [3] to our context. 


Definition 5.1. LefNi be a monster model for a quasiminimal class, A C M, and let 
C be a collection of subsets o/M"', n = 1, 2,.... IFe say that a function / : A —)• M 
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is a specialization (with respect to C) if for any ai,..., a„ G A and for any C E C, 
it holds that if (oi,..., a„) G C, then (/(oi),..., f{an)) G C. If A = {ai : i E I), 
B = ipi ■. i E I) and the indexing is clear from the context, we write A ^ B if the 
map Qi cE- bi, i E I, is a specialization. 

If a and b are finite tuples and a ^ b, we denote rk{a -E b) = dim{a/tl)) — dim{b/tl)). 

The specializations in the context of Zariski geometries in [3] are specializations 
in the sense of our dehnition if we take C to be the collection of closed sets (Zariski 
geometries are quasiminimal since they are strongly minimal). 

Next, we generalize the dehnition of regular specializations from [3]. 

Definition 5.2. Let W. he a monster model for a quasiminimal class. We define a 
strongly regular specialization recursively as follows: 

• Isomorphisms are strongly regular; 

• If a ^ a' is a specialization and a E M. is generic over 0, then a ^ a' is 
strongly regular; 

• aa' -E bb' is strongly regular if a J ,0 a' and the specializations a ^ b and 
a' -E b' are strongly regular. 

Remark 5.3. It follows from Assumptions 6.6 (7) in [3] (for a more detailed dis¬ 
cussion on why these properties hold in a Zariski geometry, see ra, Chapter 1.1.) 
that if a specialization on a Zariski geometry is strongly regular in the sense of our 
definition, then it is regular in the sense of [3] (definition on p. 25). 

The following generalizes the dehnition of good specializations from [3] . 

Definition 5.4. We define a strongly good specialization recursively as follows. Any 
strongly regular specialization is strongly good. Let a = ( 01 , 02 , 03 ), o' = a' 2 , a'^), 

and a ^ a'. Suppose: 

(i) ( 01 , 02 ) —)■ (o'i,o' 2 ) is strongly good. 

(a) oi -E o'l is an isomorphism. 

(Hi) 03 G c/(oi). 

Then, a ^ a' is strongly good. 

A Zariski-like structure is dehned by nine axioms as follows. 

Definition 5.5. We say that a quasiminimal pregeometry structure M is Zariski-like 
if there is a countable collection C of subsets of (n = 1,2 ,...), which we call the 
irreducible sets, satisfying the following axioms (all specializations are with respect 
to C). 

(1) Each C E C is Galois definable over 0. 

(2) For each o G M, there is some C E C such that a is generic in C. 

(3) IfCEC, then the generic elements of C have the same Galois type. 
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(4) IfC,D&C,a&C is generic and a E D, then C D. 

(5) IfCi,C 2 E C, {a,b) E Cl is generic, a is a generic element 0 /C 2 and {a',b') E Ci, 
then a' E C 2 - 

(6) If C E C, C d M”, and f is a coordinate permutation on M", then f{C) E C. 
(1) Let a ^ a' be a strongly good specialization and let rk{a -E a') < 1. Then 

any specializations ab -E a'b', ac -E a'c' can he amalgamated: there exists b*, 
independent from c over a such that t^{h*/a) = P{h/a), and ab*c -E a'b'c'. 

(8) Let {oi : i E I) be independent and indiscernible over b. Suppose ■. i E I) is 
indiscernible over b', and aib -E a[b' for each i E I. Further suppose {b -E b') is 
a strongly good specialization and rk{b —)■&')< 1. Then, {bai : i E I) ^ {b'a[ : 
i E I). 

(9) Let K be a (possibly finite) cardinal and let ai,bi E M with i < n, such that 
Oq 7 ^ ai and bo = hi. Suppose (ai)j<K —)■ ( 6 i)j<K is a specialization. Assume there 
is some unbounded and directed S C 'P<aj(K) satisfying the following conditions: 

(i) 0,1 G X for all X E S; 

(a) For all X,Y E S such that X dY, and for all seguences (cj)jgy from V, the 
following holds: If Co = Ci, {ai)i^Y (ci)iey -)■ and rk{{ai)i^Y 

(ci)iey) < 1 , then rk{{ai)i^x {ci)i^x) < 1 - 
Then, there are (ci)j<K such that 

^ (Ci)iSK ^ 

Co = Cl and rk{{ai)i^x (ci)iex) < 1 for all X E S. 

Definition 5.6. Let M be Zariski-like and let a E M. By axioms (2) and (4), there 
is a unigue C E C such that a is generic in C. The set C is called the locus of a. 

Remark 5.7. Zariski geometries are Zariski-like if the collection C is taken to be 
the irreducible closed sets definable over 0. Indeed, strongly minimal structures are 
guasiminimal, and the conditions (l)-(9) are satisfied. On a Zariski geometry, first- 
order types imply Galois types. Moreover, every strongly regular specialization is 
regular, and every strongly good specialization is good. Hence, (1) is Lemma 5.14 in 
[3] and (8) is Lemma 5.15 in (9) holds by Compactness. 

The cover of the multiplicative group of an algebraically closed field of characteristic 
zero, studied in e.g. [H], is a non-trivial example of a Zariski-like structure. On the 
cover, a topology can he introduced by taking the sets definable by positive, guantifier- 
free formulae as the basic closed sets, as is done m [ 2 ]. In it is shown that if C 
is taken to consist of the irreducible, closed sets that are definable over the empty set 
(after adding countably many symbols to the language), then the axioms are satisfied. 

Next, we note that Axiom 9 of Zariski-like structures implies the usual dimension 
theorem of Zariski geometries (in form of Lemma 4.13 in [3]). 
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Lemma 5.8. Let M be a Zariski-like structure, and suppose a = (oq, ..., On-i) and 
b = {bo,... ,bn-i) are such that a ^ h, Qq ^ ai and bo = hi. Then, there is some 
c = (co ,... ,Cn) such that a ^ c ^ b, rk{a —>■ c) < 1 and Cq = Ci. 


Proof. Taking k = n and S = {n}, the conditions (i) and (ii) of Axiom 9 hold. □ 

Remark 5.9. From Axiom (3), it follows that if a ^ b is a specialization, then 
either dim{h) < dim{a) or P{a/tlf) = P{h/ttf). 

Lemma 5.10. Let A and A' be finite arrays. Let An = {a,b) and A'n = {a',b') for 
some tuples a,b,a',b' G M such that a ^ a'. Suppose that for some c G M zt holds 
that a'cA —)■ a'cA. 

Then, there is an array A” and a tuple b" G M such that A'[.^ = {a'h”), dim{A”/a'c) = 
dim{A/a'c) — 1, and a'b”A —)■ a'h”A” —)■ a'h”A'. 


Proof. After snitably rearranging the indices, we may think of a'cA and a'c'A' as 


tnples (o', a,...) and {a', a',.. .), respectively. By Lemma 5.8, there is an array A 


and some a*,b*,c* G M snch that Ah = {a*,b*), that a'cA —)■ a*c*A* —)■ a'cA', 


and dim{a*c*A*) > dim{a'bA) — 1. By onr assnmptions and Remark 5.9, eqnality 
holds. Since a'c —>■ a*c* —)• a'c, there is by Axiom (3) of Zariski-like structures, 


some automorphism / such that f{a*c*) = a'c. Then, f{A*) is as wanted (taking 

b” = f{b*)). □ 

We now present a technical lemma that is the analogy of Lemma 6.9 in [3]. It will 
be applied in the proof of our main theorem to obtain an uncountable indiscernible 
array of type 2m -|- n — 2. The existence of the held will then follow from Lemma 

EM 


Lemma 5.11. Let {Aij : 1 < i < M, 1 < j < N) be a subarray of an indiscernible 
indiscernible array of size uJiXuji, over some finite tuple b. Assume dim{A-,m,n/b) = 
2 m + n — 1 and that 

dim{dcl{AiiAi2Ai^b) n dcl{A2iA22A22,h)/b) = 2. 

Let b{Aij : i < M,j < N) ^ h{aij ■ i < M,j < N) be a rank-1 specialization, 
and suppose Lt{aij/b) = Lt{ai/j'/b) for all i,i' < M,j,j' < N and dim{a; 1, k/b) = k. 
Further assume bAijAij/Aijn —>■ baijaij/aijf is strongly good for any i,j,j',j''. Then 
a is rank-indiscernible, of type 2m -\- n — 2 (m > 2, n > 2) over b. 

Proof. To simplify notation, we assume 6 = 0. All the arguments are similar in the 
general case. 

We hrst note that any m x n -rectangle from a has t/-rank at most 2m -\- n — 2. 
Otherwise the specialization A —)■ a would be an isomorphism on some rectangle 
and hence on each of its elements. But for each pair i,j, dim{Aij) = 2, whereas 
dim{aij) = 1 . 
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We will now prove that an m x n -rectangle actually has t/-rank at least 2 m + n — 2 . 
We do this as a series of auxiliary claims. 

Claim 5 . 12 . Let (cjj) be a 2 x 3 -subarray of a. Assume {Aij :i = l, 2 ,j = l, 2, 3 ) —>■ 
{cij : i = 1 , 2 , j = 1 , 2 , 3 ) is a rank -1 specialization. Then, dim[ci:iC2‘i/C11C21C12C22) < 

2 . 


Proof. Suppose dim{ci3C23/cnC2iCi2C22) = 2 . Then, as dim{A-, 2 , 3 ) = 6 and we 
have a rank -1 specialization, dim{c-, 2 , 3 ) = 5 . Thus, dim{cuC2iCi2C22) = 3 . As 
dim{c2iC22) = 2 , we have either dim{ciiC2iC22) = 3 or dim{ci2C2iC22) = 3 . In the hrst 
case, we let Cqi, C02, Cqs be new elements such that 

Lt(coiCo2Co3CiiCi2Ci3/0) = Tt(c23C2iC22Ci3CiiCi2/0) 


and 

C01C02C03 iciiCl2Cl3 C2IC22C23 

(In the case that dim{ci2C2iC22) = 3 , we choose the elements Cqi, C02, C03 so that 
Lt(coiCo2Co3CiiCi2Ci3/0) = Lt{c 23 C 2 iC 22 Ci 3 Ci 2 Cn/^), Otherwise the proof is similar as 
the case we are handling here.) 

Now, we have specializations 

( 1 ) A 11 A 12 A 13 A 21 A 22 A 23 —)■ C 11 C 12 C 13 C 21 C 22 C 23 


and 


A13A11A12A23A21A22 —t C11C12C13C01C02C03. 


By Lemma [ 4 T^ ^(^112412^13^21^22^23/0) = ^(^13^11^12^23^21^22/0) and hence 
A11A12A13A21A22A23 —)■ ^13^11^12^23^21^22- So 


( 2 ) A 11 A 12 A 13 A 21 A 22 A 23 —)■ C 11 C 12 C 13 C 01 C 02 C 03 . 

As A13A11A12 —)■ C13C11C12 is a strongly good specialization of rank 1, we see, by 
applying Axiom ( 7 ) to the specializations ([^ and ([^, that there exist Aqi, A02, and 
Ao 3 with 


(3) t(AoiAo2Ao3/AiiAi2Ai3) —^(^ 21 ^ 22 ^ 23 /^ 11 ^ 12 ^ 13 ) 

and 

A 01 A 02 A 03 iAiiAi2Ai3 A 23 A 21 A 22 

such that {Aij : i = 0,1,2, j = 1,2,3) —>■ {cij : i = 0,1,2, j = 1,2,3), and in 
particular, {Aij : i = 0,2, j = 1, 2, 3) —)■ {cij : i = 0,2, j = 1, 2, 3). We will prove that 
this specialization is an isomorphism and get a contradiction (as dim{A 2 iA 22 ) = 3 
but dim{c 2 iC 22 ) = 2). 

We show that (iim((Ajj : i = 0,2, j = 1,2,3)) = 6 . Now (iim(AoiAo 2 Ao 3 /AiiAi 2 Ai 3 ) 
< 7 * 777 ,(^ 21 ^ 22 ^ 23 /^ 11 ^ 12 ^ 13 ) = 2. Denote X = dcl(A2iA22A23) H dcl(AiiAi 2 Ai 3 ). By 
our assumptions and the type of the array A, we have dim{A 2 iA 22 A 23 /X) = 2 , 
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and since X C dcl(Aii74i2Ai3), ([^ implies that also Then, dim(A q 1 ^ 02 ^ 03 /^) = 
Thus, 


^01^022lo3 Xx ^11^12^13^2l2l222l23) 

and thus dim(y4oiv4o2^o3M2i^22^23) = 2. Hence, dim{{Aij : i = 0,2, j = 1,2,3)) 

6 . 


2 . 


Next, we show that dim{{cij : i = 0,2,j = 1,2,3)) = 6. The counterassumption 
gives us 


( 4 ) 


Cl3 i C 11 C 12 C 21 C 22 C 23 . 


Hence, 

( 5 ) 

Similarly, 
and thus 


C01C02C03 4-C11C12 C21C22C23. 
C23 i C11C12C13C21C22, 


1 = dim(c23/ci3Cii) = dim(coi/ciiCi2) = dim(coi/c2iC22C23), 

so dim(coiC 2 iC 22 C 23 ) = 4. We will show that dim(co 2 Co 3 /coiC 2 iC 22 C 23 ) = 2, which 
will give the contradiction. From ([^ it follows that C02C03 iciici2coi C21C22C23. On the 
other hand, the counterassumption and the choice of the elements Cqi, C 02 , Cqs gives us 
(iim(ciiCoi/ci 2 Ci 3 Co 2 Co 3 ) = 2 , so Cqi i C 11 C 12 C 02 C 03 , and in particular C 02 C 03 iciici 2 Coi- 
Thus, by transitivity, 

(6) C02C03 iciici2 CoiC2lC22C23- 

From Q it follows that C13 I C21C22C11, hence (by the choice of C02 and C03) Cn I 
C02C03C12, and in particular 

Cll ici2 Co2Co3- 

From this and (|^ we get 

(7) C02C03 C01C21C22C23. 

But dim(ci 2 Co 2 Co 3 ) = dim(ciiC 2 iC 22 ), and in the beginning of the proof of the claim, 
we assumed this rank is 3, so dim{cQ 2 Coz/C 12 ) = 2. Thus, C 02 C 03 i C 12 , and from this 
and ([^ we hnally get 

dim(Co2Co3/CoiC2iC22C23) = 2, 

as wanted. □ 


Claim 5.13. For any set * of j-indices and i >2, dim{ai ^^/< 2. 

Proof. If the claim fails, we may take * to be a set of three indices such that 
dim{ai^^/a^i^^) = 3. Since dim{a;l,3) = 3, we would get a 2 x 3-rectangle of rank 
6 , which is against the observation that any m x n -rectangle has f/-rank at most 
2 m n — 2. □ 
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Claim 5.14. For any set * of i-indices and j > 3, dim{a^j/a^^<j) < 1. 

Proof. Suppose not. We may take * to consist of two indices, say * = {1,2}, and 
then dim{aija2j/ai^^j,a2,<j) = 2 for some j. We first observe that there cannot 
be two distinct values of j for which the claim fails. Indeed, suppose ji < j2 are 
the two smallest failing indices. Then, dim{aij^a 2 j 2 / 0 ‘iji, 0 ‘ 2 ji,<iii,a 2 \) = 2. De¬ 
note r = dim{aij2, a2j2, ciiji, a2ji, CLu, a2i). As the claim fails for ji also, we have 
a2ji/aii, 021) = 2 Now, dim{aiia 2 i) = 1 or dim{aiia 2 i) = 2. In the hrst 
case, r = 5, so {Aij : i = 1,2, j = 1, ji, j2) (ap : i = l,2,j = l,ji,^2) is a rank-1 


specialization and we are contradicting Claim 5.12 In the second case, r = 6 and 
{Aij : i = 1,2, j = 1, ji,72) -t (ap- : i = 1,2, j = 1, ji,^2) is an isomorphism which is 
also a contradiction {dim{AiiA 2 i) = 4 but dim{aiia 2 i) < 2). 

So we have at most one failing index j. Denote it by jo- We note hrst that 
dim{a\ja 2 j '■ j < N) > 2 + N, since otherwise we could prove by induction on m 
(using Claim 5.13) that dim{aij '■ j < N,i < m) < 2m + N — 2. Setting m = M, 


this would contradict the assumption that A —)■ a is a rank-1 specialization. 

Thus, 

2 -|- < dim{aija2j ■ j < N) < dim{aija2j ■ j < jo) + {N — jo), 

so dim{aija2j ■ j < jo) > 2 -|-jo. Hence, as dfm(aijoa2jo/ai^<jga2,<jo) = 2, we have 
dim{aija2j ■ j < jo) > jo- From this and the fact that the claim holds below jo 
it follows that dim{aiia2i) = 2 and that for some j' < jo, dim (an 021 ai y 027' ) = 3 . 
Then, dim(aiia2iaiya2j'aijpa2jo) = 5 , and as above, we contradict Claim 5.12 □ 


We now show that any mxn rectangle from a has [/-rank at least 2m-|-n —2 which 
will prove the lemma. Suppose there are m and n so that for some mxn rectangle C 
from a, dim{C) < 2m + n — 2. Using claims 5.13 and 5.14, we see that the inequality 
remains strict for any rectangle from a that contains C. Thus, dim{a-, M, N) < 
2M + N — 2. But this contradicts the assumption that dim{A-, M, N) = 2M -|- — 1 

and the specialization A ^ a has rank 1. □ 


5.1. Families of plane curves. In the proof of our main theorem, we will hnd a 
held conhguration in the form of an uncountable indiscernible array of type 2m-|-n—2, 
and the existence of an algebraically closed held will follow from Lemma 4.20 When 
constructing the array, families of plane curves will play a crucial role. 


Definition 5.15. Let C C he an irreducible set. We say an element a G M"' 

is good for C if there is some b G M™ so that {a,b) is a generic element of C. 

Definition 5.16. Let Wl be a Zariski-like structure, and let E C M"" and C C x E 
be irreducible sets. For each e E E, denote C{e) = {{x,y) G \ {x,y,e) G C}. 
Suppose now e E E is a generic point. If e is good for C and the generic point of 
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C{e) has dimension 1 over e, then we say that C'(e) is a plane curve. We say C is 
a family of plane curves parametrized by E. 

We say that a is the canonical parameter of the plane curve C'(e) if a = Ch{x, y/e) 
for a generic element {x, y) E C (e). We define the rank of the family to he the 
dimension of Ch{x,y/e) over 0, where e E E is generic, and {x,y) is a generic point 
ofC{e). 

Definition 5.17. We say a family of plane curves C C x E is relevant if for a 
generic e E E and a generic point {x,y) E C{e) it holds that x,y ^ bcl{e). 

Our main theorem concerns Zariski-like structures with a non locally modular 
canonical pregeometry. The non local modularity comes to play in hnding a family 
of plane curves that can be parametrized with a tuple of dimension 2. This family 
will eventually be used to construct a suitable indiscernible array. 

Lemma 5.18. LefM be a guasiminimal pregeometry structure such that bcl is non lo¬ 
cally modular. Then, there exists a relevant family of plane curves C, parametrized by 
a set E, and a tuple d eM such that for a generic e E E{d), it holds that dim{e/d) = 
2 and e is interbounded over d with the canonical parameter a = Cb(x, y/d, e) of the 
family. 

Moreover, if {x,y) and {x',y') are generic points of C{d,e) such thatt{xy/de) = 
t{x'y'/de) and xy fde x'y', then e E bcl{d,x,y,x',y') and dim{xyx'y'/d) = 4. 

Proof. Since M is not locally modular, there exists, by Lemma 4.13 in [6], a relevant 
family of plane curves that has rank r > 2. Let a be the canonical parameter of a 
generic curve in this family. Then, dim{a/^) = r. Let {x,y) be a generic point on 
this curve, so a = Ch{x,y/a). 

Let Xi,... ,Xr,yi,... ,yr be such that t{xi,yi/a) = t{x,y/a) for each i and the 
sequence x,xi,..., Xr is independent over a. Denote d = {xi,... ,Xr,yi, ■ ■ ■, yr- 2 ) 
and e = {yr-i, Vr)- We will show that a = Ch{x, y/d, e), that dim{d, e) = r, and that 
a is interbounded with e over d. Then, taking C to be the locus of (x, y, d, e) and E 
to be the locus of (d, e), we get a family of plane curves C parametrized by E that 
is as wanted. 

We show hrst that a E bcl(d, e). Since xy 4,q, de, it will then follow that a = 
Ch{x,y/de). For k <r,we have a = Ch{xk,yk/cx). Hence, if 

XjkUki 

it follows by symmetry and the properties of canonical bases that 

a = Cb(xk,yk/axo,yo,... ,Xk-i,yk-i), 

and thus, applying again symmetry to ([^, that a E bcl(xo, yo,..., Xk-i, Vk-i)- Since 
the dimension of a can drop at most r times, a E bcl((i, e). 
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The sequence (xj, yi)i<i<r is independent over a, and for each i, we have dim{xi, yi/a) 
1. We get 

dim{xi,yi,... ,Xr, yr) = dim{xi, yi,... ,Xr, yr, «) = 2r. 

We also see that dim{a/xi, yi,..., Xk, yk) = r — and thus a is interbounded with 
e over d. 

The claim after “moreover” is proved with essentially the same calculations that 
are presented above. □ 


5.2. Coding elements of M®'^. By Theorem 4.19 in [6] (4.22 in [lO]), there is a 
group interpretable in a Zariski-like structure with non-trivial pregeometry. We will 
use the elements of this group to construct the indiscernible arrays needed to prove 
our main theorem. However, the group will be in M®*?, and we have to construct the 
arrays in M. Thus, we present a way to code the elements of M®'^. 

Lemma 5.19. Let A be a Galois definable set in with unique generic type. 
Let S C A be such that each element of S is generic in A. Then, there is a tuple 
c G M and for each a E S a “code” a G M such that a G dcl{c,a) and a is 
interbounded with a over c. If dim {a) = r, then we can choose the code a for a so 
that a = (oi,..., a^, a^+i,..., am) and dim{ai ,..., a^/c) = r. 

Moreover, the codes can be chosen so that they all have the same Lascar type over 
c and distinct elements of S have distinct codes. If d is a tuple independent from A, 
then c can be chosen to be independent from d. 

Proof. Let a E A. There exists some 6 G M and some dehnable function F such 
that a = F{b). Here, F is a composition of function symbols of the form Fe for 
some equivalence relations E (remember that we use the notation M®"? for (M®'?)®'^, 
etc.). Suppose dim{a/a) = n and n is chosen to be least possible. We may with¬ 
out loss assume that b = (6i ,... ,bn, &n+i, • • •, bm), where dimipi, • • •, bn/a) = n. 
Choose now some tuple c = (ci,..., c„) independent from S. Then, t(ci,..., c„/a) = 
tipi ,..., bnjoL), and there is some automorphism / such that c = /(&i ,... ,bn). Write 
a = {f{bn+i ),..., fipm))- Then, a = F(c, a) and a is interbounded with a over c, as 
wanted. Permuting the coordinates if needed, we may choose a so that if dim{a) = r, 
then dim{ai ,..., a^/c) = r. 

Since A has a unique generic type, we may use the same dehnable function F for 
each a E A. This guarantees that if ai,a 2 E A are two distinct elements, then they 
have distinct codes. Clearly the codes can be chosen so that they all have the same 
Lascar type over c. If d f A, then just choose the tuple c so that c f Ad. □ 


If a, a and c are as in Lemma 5.19 we say a is a code for a over c. 

Remark 5.20. Note that the coding provided by Lemma 5.1S\ is not unique. Indeed, 
for each a E S, there may be several distinct elements b such that a = F{b) (using 
the same notation as in the proof), and each of them gives a distinct code a. 






28 


KAISA KANGAS 


The following technical lemma will be used in the proof of the main theorem. 

Lemma 5.21. Let (G,+) be a 1-dimensional Galois definable group in M®'^. Let 
ai,f3i,a[, i = 1,2, and (3* be elements of G, generic over c, coded by ai,hi,a[,h*, 
respectively (over c). Suppose a\ — = (3i — (32- Let 71,72 E G be such that 

7 i 72 i CQibib* and 7172 f ca'ff, and suppose Pi, hi, g[, hf i = 1,2 are codes (over c) 
for OLi + 7 i, (3i + 7 j, (3* + 7 *, respectively. Suppose dim{ai, 02 , bi/c) = 3 and 

(c, cij, bi. Pi, hj)j=i ^2 t (c, cij, b , Pj^, hf). 

Then, a[ and a '2 are interbounded over c. 

Proof. It follows from our assumptions that 

(9) (ai + 7i) - (a2 + 72) = {( 3 i + 7i) - (/^2 + 72), 

and that dim{pi, p 2 , hi, h 2 /c) = 3. We divide the proof into two cases, depending 
whether dim{p[, p' 2 , h' 2 , h' 2 /c) = 3 or not. 

Suppose hrst the equality holds. Then, t{pi,p 2 ,hi,h 2 /c) = t{p'i,P 2 ,h' 2 ,h' 2 /c), so 

(j^ implies 

{a'l + 7i) - {a'2 + 72) = {( 3 * + 7i) - {( 3 * + 72), 
in particular a'l = a' 2 . Since a'l and a '2 are (possibly distinct) codes for a'l, they must 
be interbounded over c. 

Suppose now dim{p'i, p' 2 ,h' 2 ,h' 2 /c) < 3. We show that oli — 03 G bcl(c) and the 
claim will follow. Assume towards a contradiction that this is not the case. Denote 

A = {a'l + 7i, a'2 + 72, ( 3 * + 7i, ( 3 * + 72}. 

Since it holds that 

0^1 ~ *^2 = + 7i) ~ (<^2 + 72) — {( 3 * + 7i) + {( 3 * + 72), 

we have a'i — a '2 E bcl(A). If dim{a'i — a' 2 , (3* Pji, (3*+ 'y 2 /c) = 3, then dim{A/c) = 3, 
which contradicts the assumption that dim{p'.^, p' 2 ,h' 2 ,h' 2 /c) < 3. Thus, a'l — a '2 E 
bcl(/3* +^1,(3* + 72 ,c). 

We have a'l — a '2 ^ bcl(c,/3*) since otherwise, applying exchange, we would get 
(3* E bcl(/9* + 7 i, + 72 , c) which is impossible since dim{(3*,'ji, 72 /c) = 3. But since 

a'l — a '2 i/ 3 *c 7 i 72 , this implies a'l — a '2 ^ (c,/?*, 71 , 72 ), a contradiction. This proves 
the lemma. □ 


5.3. The main theorem. From now on, we will suppose that M is a non locally 
modular Zariski-like structure and that M does not interpret a non-classical group. 
By Theorem 4.19 in [B] (see also m, 4.22), there is a Galois dehnable, 1-dimensional 
group G in This group plays a crucial role when proving that M interprets a 
held, and we will eventually use Lemma 5.19 to code some of the generic elements in 
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G. When doing so, we will always suppose that if a G G is generic, a = (oi,..., am) 
is a code for a, and c is the parameter tuple from Lemma [5 .191 then dim{ai/c) = 1. 

Let G be a relevant family of plane curves, parametrized by E, and let d G M 
be such that for generic e G -E, it holds that dim{e/d) = 2 (such a family exists 
by Lemma 5.18). For x,y,x',y' G M and e a generic element in E{d), we write 
C'^{e]xy,x'y') if the following hold: 

1. {x,y) and {x',y') are generic on C{d,e); 

2 . xy Ue x'y'] 

3. Lt{xy/de) = Lt{x'y'/de). 


Lemma 5.22. Let A C be a 1-dimensional Galois definable set with unique 
generic type, and let be generic elements of A independent from each 

other and from d. Let a = (oi,..., Om), b = (&i,..., bm), a' = (oi,..., Om) and 
b' = (&!,..., bm) be codes for a, (3, of and fi', respectively, over the parameter tuple 
c, chosen so that dim{ai/c) = dim{bi/c) = dim{a[/c) = dim{b'i/c). 

Suppose h,g,g' G M are such that h 4,c aba'b'd, g G bcl{h,b), and Lt{a,b, g/cdh) = 
Lt{a'b', g'/cdh). Then, there exists some e G E{d) such that G‘^{e;aibi,a[b[) and 
Lt{a,b, g/cdeh) = Lt{a'b'g'/cdeh). 


Proof. Let e' G E{d) be generic, and let x,y,x',y' 
and xyx'y' ch 


be such that G‘^{e'-,xy,x'y') 


By Lemma 5.18 the sequence x, y, x', y' is generic and independent 
over d, and hence over cdh. It follows from the assumptions that also ai,bi,afih'.^ 
is generic and independent over cdh. By (QM4) (the uniqueness of generic type 
in a quasiminimal pregeometry structure), there is some / G Aut(M/cdh) such 
that f{x,y) = (ai, 6 i). Let e" = /(e'), x" = f{x'), and y" = f{ y'). Then, 
G‘^{e'']aibi,x''y"), and thus Lt{ai,bi/de") = Lt{x",y"/de"). By Lemma 5.18, e" G 
bcl(d, ai, bi, x", y"), so aibix"y" fde" ch. It follows that Lt{ai, bi/cde''h) = Lt{x'', y”/cde"h) 
Now there are some elements X 2 , ■ ■ ■, Xm, 2 / 2 , • • •, 2 /m, and g* such that 


Lt{ai ,... , 0 ^, 61 ,... ,bm,g/cde"h) = Lt{x\x 2 ,... ,Xm,y'',y2, ■ ■ ■ ,ym,g*/cde''h). 

Denote x* = [x”, X 2 , ■ ■ ■, Xm) and y* = ( 2 /", 2 / 2 , ■ ■ ■, 2/m)- By our assumptions, Lt{a'b'g'/cdh) 
Lt{abg/cdh) = Lt{x*y*g*/cdh). Since a'b'g' fcdh ab and x*y*g* fcdh ab, there is some 
/' G Aut(M/a 6 cdh) such that f{x*y*g*) = a'b'g'. Let e = f'{e"). Then, e is as 
wanted. □ 


Lemma 5.23. Let A C be a 1-dimensional Galois definable set with unique 
generic type, and let a, (3, a', (3' be generic elements of A. Let a = (ai,...,am), 
b = ( 61 ,..., bm), a' = (oi,..., am) and b' = ( 61 ,..., bm) be codes for a, (3, a' and 
fi', respectively, over the parameter tuple c, chosen so that dim{ai/c) = dim{bi/c) = 
dim{a'^/c) = dim{b'^/c). Let e G E{d) be generic and suppose G‘^{e;aibi,a'^b'^). Sup¬ 
pose h, g,g' are such that h j-c aba'b'd, g G bcl[h, b), and suppose Lt{abg/cdeh) = 
Lt{a'b'g'/cdeh). 
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Then, there is a specialization (c, d, e, h, a, b, a'b', g') —>■ (c, d, h, e, a, b, a, b, g). 


Proof. We will apply Axiom ( 8 ) of Zariski-like structures. By Lemma 5.18 and our 
assumptions, dim{ai, bi, a'i,b\/cdh) = 4, and e G bcl((i, ai, bi, a[, b[). Thus, ai 6 i fcdeh 


a'lb'i, and it follows that abg fcdeh a'b'g'. By Lemma 2.14, abg and a’b'g’ are strongly 
indiscernible over cdeh, and of course also abg and abg are. Since abg and a'b’g' 
have the same Lascar type over cdeh, we have (c, d, e, h, a, b, g) —)■ (c, d, e, h, a', b', g'). 
Moreover, cdeh —)■ cdeh is strongly good and of rank 0 < 1. Hence, the Lemma 
follows from Axiom ( 8 ). □ 

We will now prove our main theorem. 

Theorem 5.24. Let M be Zariski-like structure with a non locally modular prege¬ 
ometry, and suppose M does not interpret a non-classical group. Then, there is an 
algebraically closed field in M®'^. 

Proof. We will prove the theorem by hnding a rank-indiscernible array of type 2m -|- 
n — 2 over a certain hnite set of parameters and applying Lemma |4.20[ By Theorem 


4.19 in [B] (or 4.22 in uni, there is a Galois dehnable 1-dimensional group {G, -|-) in 
with unique generic type, and by 4^, G is Abelian. The elements of G will be 
used when constructing the array. 


By Lemma 5.18 there exists a relevant family of plane curves G, parametrized by 
a set E, and a tuple d E M such that for generic e E E, it holds that dim{e/d) = 
2 and e is interbounded over d with the canonical parameter of the family. Let 
K be some cardinal large enough (for the argument that follows after a couple of 
paragraphs), and let at, fii, fifi i,j < k, be generic elements of G independent from 
each other and from d. For i,j > 1, let fiij = A + fifi Let 71 ,..., yg be elements of G 
generic and independent over everything mentioned so far. Denote 7 = ( 71 ,... , 73 ) 
and 7 ij = {fiij -f- 71 ,... ,fiij -f yg). The elements ai, fiij will be used to build the 
indiscernible array, the others are auxiliary elements that will be needed in some of 

the calculations. _ 

Denote S = {ai, fii, fiij,'yk, fiij + 'lk}i,j<K,i<k<8- By Lemma there is some 
c G M, independent from d, so that the elements of S can be coded over c. In 
particular, there are codes in M for the elements of S so that each group element is 
interbounded over c with its code, and the hrst coordinates of the codes are generic 
over c. Let a*, bi, V and 6 ^ denote the codes for ai, fii, (3^ and fiij, respectively. Let g 
be a tuple consisting of the codes for y^, 1 < A; < 8, and let gij be a tuple consisting 
of the codes for /dy -|- y^, 1 < A; < 8. Moreover, we may choose the codes so that 


see 


proof of Lemma 5.19) for all i,j, Lt{ai,bij, gij/cdg) = Lt{ao,bQo, goo/cdg). 

Denote by aj and &b the first coordinates of the tuples aj and bjj, respectively. By 
Lemma 


5.22 


there is, for each pair {i,j), some Cij E E{d) such that G‘^{eij; 
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(in the notation introduced right before Lemma 5.22) and 


bij^ 9ij/('dcijff') LtiojQ^ ^ 00 ; 9oo/cdcijfj'). 


i] - \ai, bij^Cij), and let A = Similarly, Let Bij = (a*, bij, dj, gij), and 


Let Aij = 

let B = {Bij)ij>i. We will use A to build an indiscernible array of type 2m + n — 2, 
and B is an auxiliary array needed for some of the calculations involved. Denote 
from now on p = C(ipao5oo5'oo- 

We will next show that if we choose k to be large enough, then we can hnd an 
indiscernible array of size uji x uji such that each one of its hnite subarrays is iso¬ 
morphic to some hnite subarray of B. Let A < n be a cardinal large enough (but not 
too large) for the argument that follows. For each i < k, denote i?j,<A = < A). 

Using Erdos-Rado and an Ehrenfeucht-Mostowski construction, one hnds a sequence 
{B'- such that every hnite permutation of the sequence preserving the order 

of the indices i extends to some / G Ant (M/p). Moreover, an isomorphic copy 
of every hnite subsequence can be found in the original sequence (i?i,<A)i<K- This 
construction is due to Shelah, and the details can be found in e.g. [ 8 ], Proposition 
2.13. There it is done for a sequence of hnite tuples (whereas we have a sequence of 
sequences of length A), but the proof is essentially the same in our case. 

We may now without loss assume that (i?/<A)i<a;i are the oji hrst elements in the 
sequence (i?j,<A)i<K- Since we have chosen A to be large enough, we may apply the 
same argument to to obtain an array This is an array of 

size uji X wi, indiscernible over p, and we may assume it is a subarray of the original 
array B. By removing redundant elements, we get an array A", indiscernible over p, 
that can be viewed as a subarray of A. From now on, we will use B to denote B" 
and A to denote A”. 


Eventually, we will apply Lemma 5.11 to A to obtain an array that is as wanted. 
Thus, we next prove that the assumptions of the Lemma hold for every subarray of 
A over the parameters p. 

Claim 5.25. dim{A-, m, n/p) = 2m + n — 1 and 

dim{dd{AiiAi2Ai3p) n dd{A2iA22A23p)/p) = 2. 

Proof. Denote A' = (Aj^)i<^<,n,i <?<n a nd P = {a*, 6 * 1 , The set P is 

independent over p. By Lemma 5.18, we have Oij G bcl(ai, 6 ij,p), and since fij = 
Ai + f^ij - /3n, we have bij 
|F| = 2m + n 


G bcl(&ii, bij, 5ii,p). Thus, A' C bcl(P), so dim{A'/p) = 
1. Since A is indiscernible, dim{A] m, n/p) = 2m -|- n — 1. 

For the rest of the claim, denote C = A 11 A 12 A 13 and C = A 21 A 22 A 23 . The group 
elements and /3^ — (3^ are independent. Since f3^ — f3^ = /3^^ — (3^f they are in 

dcl(C'p) n dcl(C"p) and this set has dimension at least 2 . If it would be greater than 
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2 , then, since dim{C/p) = 4, we would have dim{C/p{dcl{Cp) fl dcl{C'p))) < 1, so 
dim{CUC'/p) = dim{C'/ p) + dim{c! / Cp) 

< dim{C/p) + dim{C/p{dcl{Cp) fl dcl{C'p))) < 5. 

But by the type of the array A, we have dim{C U C/p) = 6, a contradiction. □ 
Denote now = Bij and Ah = Ai^, and let B' = and A' = 

Write X ^ *y for px —)■ py. 

Claim 5.26. B —)■ *B'. 


Proof. It suffices to prove that for every hnite J G Ui, the claim holds for all UiX J - 
subarrays of B and B'. Denote P = {h' | j G J}. The set {oj, bi\i E 1} is independent 
over pP. By Lemma 5.18 and our coding, eij,hij,gij G bcl(P,p, 6 *) for every j G J, 
so the sequence (a*, bu, Cij, is independent over pP (here, bij = {bij)j^j, etc). 

By Lemma 2.15, there is some X C ui, cohnal in oji such that {ai,bij,eij)i^x is 
strongly indiscernible over pP. Denote by Q the sequence (obtained from B') that 
repeats ui many times the entry (oi, 5ij, eu, gu). Clearly, it is strongly indiscernible 
over pP. By Axiom ( 8 ) of Zariski like structures, 

pP(ai, bij, Oij, gij)iex -t pPQ. 


Since the array B is indiscernible over p, we have (after relabeling the indices in X 
with cji) 

p{Oiii bijCij ^ pi^O'iibiJCiJ, giJ^i^X 1 

and the claim follows. □ 


Denote Ph = (aoo, &oo, e^, poo) and Ah = (oq, 5oo, ey), and let P" = (Pp)o<M<t^i 
and A (Ajj)o<ij<t<;]^. 

Claim 5.27. P' ^ *B". 


Proof. Since specializations respect repeated entries, it suffices to show that 

(oi, 6ij, eij, —)■ *(ao5 ^00, eij, poo)i<iJi- 


By Lemma 5.23 this holds for every j individually. Here, both sequences are inde¬ 
pendent over p, and by the indisceribility of the array P, Lemma 4.18 and Lemma 
2.14, they are strongly indiscernible. Thus, the claim follows from Axiom ( 8 ) of 
Zariski-like structures. □ 


By claims 5.26 and 5.27 P —)■ *P", and thus also A —)• *A". We will apply Axiom 
(9) of Zariski-like structures to the latter specialization and eventually obtain an 
inhnite rank-indiscernible array A* such that A —)■ *A* —)• *A", rank indiscernible of 
type 2m + n — 2 over the parameters p. 









FINDING A FIELD IN A ZARISKI-LIKE STRUCTURE 


33 


Let 5° be a finite subarray of B containing the entry Bn, and let B^” be the 
corresponding subarray of B". Let and A^" be the subarrays of A' and A” obtained 


from these, respectively. By Lemma 5.10, there is an array B^* and &n,en,c/n G M 
such that 5° —)■ *B^* — B'^", the first specialization is of rank 1 , and B^l^ = 


Write = {a*,h*p e*p g*j), and let A^* be an array such that 
^i?)- Then, A^ —)■ —)■ A^", and the first specialization is of rank 


1. We will show that the assumptions posed for a in the statement of Lemma 5.11 


hold for A^* over p. It will then follow that A^* is rank indiscernible of type 2m+n —2 
over p. On the way, we will see that a* = oq and b*j = boo for all i,j. We do the 
proof as a series of claims. 

Claim 5.28. Let J he the set of j-indices corresponding to a row of A^*. Then, the 
sequence e*j is independent over p, and dim{e*j/p) = 1 for all i,j. 

Proof. We have Cjj —>■ *e*j —>■ *eij. Since A is indiscernible over p, we have t{eij/p) = 
t{eij/p), so the specializations are isomorphisms. Thus, the sequence is independent 


over p since the sequence e^j is. Moreover, it follows from Lemma 5.18 and the choice 
of the tuples that form the sequence p = cdgaobooQoo that dim{eij/p) = 1 and thus 
dim{e*j/p) = 1 . □ 

Claim 5.29. For each j, we have - boo- 

Proof. We have cdaibijCij —)■ cdaobljClj —>■ cdaobooeij (remember that = oq), 
and dim{aibijeij/cd) = dim{aobooeij/cd) . Thus, t{aobljelj/cd) = t{aoboo^ij/cd), 
and in particular b*j G bcl(c, d, Oq, e^). Applying this and Claim 5.28, we get 


dim{aobljelj/cdaoboo) = 1 , and since also dim{aobooeij/cdaoboo) = 1 , the special¬ 
ization 

cdaobooo^obijOij —t cdaobooo-oboo^ij 

is an isomorphism. This implies b^j = boo- n 

For k = 1,..., 8 , denote the code for 7 ^, by gu, and the code for fdij -|- jk by fk 
(then, p = (pi,..., ps) and gij = (/i,..., /g)). Similarly, write g*j = (/*,...,/*). 

Claim 5.30. For any indices i,j,j', there are some 1 < k < k' < 8 so that gkgy ic 
boob*, by- 

Proof. If there are some distinct k and k' such that the dimension of boobijbyc drops 
over both gk and gk', then 


dim{hoob*jb*j,/cgk) > dim{hooh*jh*p/cgkgk')- 
Since dim(boob*jb*j, / c) < 3, the claim follows. □ 

Claim 5.31. For any indices i,j,j', the elements b*- and by are interbounded over 

c. 
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Proof. Relabeling the indices if necessary, we may by Claim assume that gig 2 4-c 
boob*jb*j,. The specializations between the arrays give t{bijfk/cgk) = t{b*jf^/cgk), so 
b*. can be interpreted as a code (over c) for some (3f G G generic over c and ff as a 
code (over c) for (3*^ + 7 ^,. 


Since fiij — Pif = Pij — (3ij' (remember that /?; 




by Claim 5.29 and Lemma 5.21 


f3i + /3^), the statement follows 

□ 


Claim 5.32. For all i,j, cti = Oo? b*j = 6oo- 

Proof. Suppose j 7 ^ j'. We will show that the specialization 

cdaQbQQa*b*je*je*jf —)■ cdao&oo^o^ooepep' 

is an isomorphism, and the claim will follow. Since dim{aobooeijeijr/cdaoboo) = 2 , it 
will suffice to show that also dim{a*b*je*je*j,/cdaoboo) = 2. 

As before, denote by aj and b^Q the hrst coordinates of Oq and bo, respectively, and 
by (a*)^ and {b*,)^ those of a* and 6 *-, respectively. We have daibijCij —)■ da*b*,e*.j —)■ 


daobooeij, so {{a*y, {b*^)^, e*j) (and similarly, , {b*j,y, e*^)) is a generic point 

of C{d). Since dao^ooCp- —t daobQoe*^ —)■ dao&ooeij, also the point (oq, 6qo, e *,) (a nd 
similarly, (oo, & 00 ’^o')) is generic on C{d). Thus, by Lemma 


5.18 


and Claim 


5.31 


^ij’ ^ bcl(c, d, (Zq, ^007 } bij., bj^j/^ bcl(c, d, czq, ^ 00 ? 7 bj^j ). 

Applying the exchange principle repeatedly and taking into account that e*^ 

j.. lr\r](r rl p*. n*\ wtp txpi n* 

O 


bcl(c, d, ao, & 00 , Oi) (by Claim 5.28) and 6*. G bcl(c, d, e*., a*), we get that a*,b*, G 


bcl(c, d, ao, boo, e.*j, e*^,), as wanted. 

Claim 5.33. The array A^* is rank-indiscernible of type 2m + n — 2 over p. 


□ 


Proof. We will apply Lemma 5.11 to the arr ays / 
quired assumptions hold for A^. From Claims 


5.28 


does not depend on z, j, that dim^A^j/p) = 1 , anc 


and By Claim 5.25, the 


re- 


and 


5.32 


it follows that Lt^Ay^p) 
that each row A^j is independent 


over p. 

Thus, we only need to show that for any i,j,j',j'', the specialization 


is strongly good, i.e. that the specialization 

(c, d, ao, boo, bij, biji, bijn, Cij, Ciy, Cij") —>■ (c, d, ao, boo, O'O, boo, boo, boo, eL,, e*j„) 

is strongly good. Now, cdao&oocpep'ejy/ —)■ cdaobooe*je*j,e*j„ and ai —)■ Oq are iso¬ 
morphisms and thus strongly regular. If we manage to show that a* is independent 
from cdaoboo^ijeijieijii, then the definition of strongly regular specialization will give 
us that 


( 10 ) 


(c, d, ao, boo, ^i, ^ij, 




, ejjo 


—)■ (c, d, ao, boo, 0 - 0 , Cj 


’ ^ij'‘ 
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is strongly regular. 


It follows from Lemma 5.18 and the choice of p that dim{e. 

and h 


the type of the array A over p is 2m + n 


h h 


we can calculate that dim{ai, e. 




//p) = 3. Since 

bcl(ci2: ^ij'} 1 


tj 1 ^ij' 1 


ij 1 ^ij' 1 ^ij 


cdaobQQeijeijfeij/f and the specialization ( 10 ) is strongly regular. 


//c, d, Oo, boo) = 4, so ai is independent from 


G bcl(aj,eij). Since (d, oq, &005 e* ) is a generic point of C, 


—)■ aoe*j is an isomorphism and thus strongly good. The 


Further, we have bij 
the specialization 0 * 6 ^ 
analogues hold for j,j', so we may apply the recursive dehnition of strongly good 
specializations (Dehnition |5.4[ ) to show that the specialization (10) is strongly good, 
as wanted. □ 

We will apply Axiom (9) of Zariski-like structures to the specialization A —)■ *A* 
to obtain an inhnite indiscernible array of type 2m + n — 2 over p. Enumerate the 
elements on the left side of the specialization so that Oq is labeled with 0 and Oi 
with 1. Let S' be a collection of index sets corresponding to all m x n subarrays of 
A containing the entry An for all natural numbers m, n, and add 0 to every W G S. 
The set S is unbounded and directed, and by Claim 5.33 every X E S corresponds 
to an array A*x of type 2m + n — 2 over p. Thus, the conditions of Axiom (9) hold 
for the set S, and we obtain an inhnite array A** that is rank indiscernible of type 
2m + n — 2 over p. 

If we have chosen the cardinals k and A large enough when starting to construct 
the array A, we may assume that A and thus A** is big enough that we may apply 
the Shelah trick again. Thus, we may without loss suppose that A* is indiscernible. 
By Lemma 4.20, there is an algebraically closed held in □ 


References 

[ 1 ] Bays, M., Hart, B., Hyttinen, T., Kesala, M. and Kirby, J.: Quasiminimal structures and 
excellence. Bull. London Math. Soc. (2014) 46 (1): 155-163. doi: 10.1112/blms/bdt076 First 
published online: October 24, 2013 

[2] Burton, L.: Toric Varieties as Analytic Zariski Structures^ Ph.D.Thesis, University of Oxford, 
2007 

[3] Hrushovski, E., Zilber, B.: Zariski Geometries^ Journal AMS 9 (Jan 1996),1-56. 

[4] Hyttinen, T.: Groups acting on geometries, Logic and algebra, Contemp. Math. 302(2002) 
221-233. 

[5] Hyttinen, T.: On Local Modularity in Homogeneous Structures, in Stoltenberg-Hansen, V. and 
Vaananen, J. (eds): Logic Colloquium ’03. Proceedings of the Annual European Summer Meeting 
of the Association for Symbolic Logic, held in Helsinki, Finland, August 1^-20, 2003. Association 
for Symbolic Logic. 2003. 

[6] Hyttinen, T. and Kangas, K.: Quasiminal structures, groups and Zariski-like geometries. 
Preprint, http:/ /arxiv.org/abs/1502.01039 

[71 Hyttinen, T. and Kangas, K.: On model theory of covers of alqebraicallv closed fields. Preprint. 
http://arxiv.org/abs/1502.01042 








36 


KAISA KANGAS 


[8] Hyttinen, T. and Kesala M.: Categoricity transfer in simple finitary AECs. J. Symbolic Logic 
(2011), 76(3): 759-806. 

[9] Hyttinen, T., Lessman, O. and Shelah, S.: Interpreting Groups and Fields in Some Nonelemen¬ 
tary Classes, J. Mathematical Logic, 5(1), 2005. 

[10] Kangas, K.: Finding groups in Zariski-like structures. Licentiate’s Thesis. University of 
Helsinki, 2014. http://hdl.handle.net/10138/45029 

[11] Kirby, J.: On quasiminimal excellent classes. J. Symbolic Logic, 75(2): 551-564, 2010. 

[12] Pillay, A.: Geometric Stability Theory. Clarendon Press, Oxford, 1996. 

[13] Zilber, B.: On model-theory, non-commutative geometry and physics. 2010. 

https://people.maths.ox.ac.uk/zilber/bul-survey.pdf 

[14] Zilber, B.: Covers of the multiplicative group of an algebraically closed field of characteristic 
zero. J. London Math. Soc. 74 (2006), 41-58. 

[15] Zilber, H.'.Pseudo-exponentiation on algebraically closed fields of characteristic zero. APAL 132 
(2005) 67-95. 

[16] Zilber, B.: Zariski Geometries. Geometry from the Logician’s Point of View, Cambridge Uni¬ 
versity Press, 2010. 



